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treatment of the kinetic turbidimetry of patchy colloids aggregation was
derived and veriﬁed.
Diffusion-limited aggregation rate
constants of chemically-anisotropic
reactants with several small active
sites were presented.
Light scattering cross sections of the
aggregates (of fractal structure) were
calculated using the superposition Tmatrix method.
Gillespie method was applied to
calculate stochastic kinetics of the
aggregation (which is essential at low
number of active sites on particles).
A signiﬁcant effect of the low number of active sites per particle on the
turbimetric kinetics was found.
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The paper is devoted to the problem of the kinetic study of aggregation of particles with several active sites
(so called “patchy particles”) using turbidimetry. Patchy particles are known as chemically-anisotropic
reactants, and the kinetics theory of their interaction is far from complete. In this work we theoretically
derived and experimentally veriﬁed analytical expressions, which are convenient for the treatment of
the turbidimetric data on the overall optical density change (due to light scattering of the particles) of
the aggregating patchy colloid. Light scattering cross sections of the aggregates were calculated using
the superposition T-matrix method. Particularly, we used an analytical approximation for the diffusionlimited rate constants of Smoluchowski equations of aggregation of chemically-anisotropic particles (or
clusters) with several small active sites assuming that the clusters are of fractal structure. In order to
account for the case of a small (<10) number of active sites on particles we used Monte Carlo stochastic
algorithm of Gillespie method. For the veriﬁcation, we carried out experiments on kinetic turbidimetric
study of the immunoagglutination of 65 nm polystyrene particles covered by anti-CRP IgG antibodies
in the water solution of C-reactive protein (CRP). Good agreement of experimental data and theoretical
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simulations allowed us to evaluate the average number of active antibody molecules per particle as
9.0 ± 2.2 and the afﬁnity of the antigen-antibody complex as 5.5 ± 1.5 × 107 M−1 . A signiﬁcant kinetic
effect of the small number of active sites per particle was found.
© 2016 Elsevier B.V. All rights reserved.

1. Introduction
Aggregation of particles with several active sites (so called
“patchy particles”) into branched clusters or into a network with
a ﬁxed number of bonding sites has been extensively investigated
for the last decades. Fast growing ﬁelds of supramolecular chemistry [1,2] and patchy (or “functionalized”) colloids [3–5] opened
new perspectives in different applications. However, the kinetics of patchy colloids aggregation and self-organization are still
largely unexplored [3,6,7]. In the general case of arbitrary number
of active sites with arbitrary geometry, modern sophisticated theoretical expressions for the aggregation rate of patchy particles are
extremely lengthy and cumbersome (due to chemical anisotropy of
the reactants), that is not convenient for treating the experimental
data. The aim of the present work is to derive and verify a convenient analytical solution, which gives a simple way of calculating
the rate of such sterically speciﬁc reaction with high accuracy, and
to demonstrate its advantage in the quantiﬁcation of the patchy
colloids aggregation by the optical method.
The most common methods of the colloid aggregation quantiﬁcation are based on light scattering measurements [8]. And perhaps
the most simple and affordable optical equipment is the turbidimetric technique [8–12] that allows one to register the optical
density change of a bulk media in the course of the aggregation
process with a conventional photometer.
Investigation of aggregation kinetics is generally studied with
the use of latex immunoagglutination [13] tests which can act as
a simple patchy colloid system. These tests are widely applied in
biology and medicine for the determination of antigen or antibody
in liquids [14–17]. In immunoagglutination tests, the aggregation
of latex particles of micro- or nanometer sizes range is mediated by
a biospeciﬁc reaction between the antibody and the antigen, one of
which (“ligand”) is dissolved in the media and the other (“receptor”)
is immobilized on the particles surface.

the initial slope [21] of the optical density measured by turbidimetry. Puertas et al. [10] developed a simple model which provides a
complete ﬁt of the optical density versus time curve of the coagulation process using the RGD theory and Smoluchowski equations,
although the optical properties of growing aggregates exceeded the
applicability range of the RGD theory. In contrast to the RGD theory, the Mie theory has no limitations on the particles size and the
refractive index, but it can be applied only for spherical particles
of uniform internal structure. However, the shape of the aggregate
is usually not spherical, and its internal structure is not uniform.
A general method for computing light scattering by particles of
arbitrary shape and internal structure is the discrete dipole approximation (DDA) [22]. The only limitation of the DDA is the signiﬁcant
computation time.
Recent works revealed that T-matrix method [9,11,20] yields
the most rigorous results for monomers and dimers scattering cross
sections based on directly solving of Maxwell’s equations in a wide
range of the size and the refractive index parameters. The comparison of DDA and T-matrix calculations with experimental results
shown [23] that both methods provide results with good precision.
However, in the case of the aggregates composed from spherical particles, the T-matrix method is more preferable, because it
is much faster and has an analytical procedure of the orientation
averaging.
In the immunoagglutination model, it is generally assumed that
the antigen-antibody binding reaction reaches equilibrium much
faster than the aggregation occurs. As a result all monomer particles have equal number of free and bound “receptors” at the very
beginning [24]. Then the aggregation is usually considered as an
irreversible process described by Smoluchowski equations [3] (if
the particles concentration is not very high [25]):


dCn
1
kij Ci Cj − Cn
kin Ci ,
=
2
dt
∞

i+j=n

1.1. Existing methods of aggregating colloid optical density
calculation
Modeling of the colloid optical density change during the aggregation process has been theoretically addressed in the literature
[8]. In a relatively low-density colloid, neglecting multiple scattering of light, the overall extinction coefﬁcient ˛ext is the sum of
contributions from individual components [10,15]:
˛ext =

∞


Ci εi
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(1)

i=1

where Ci is the concentration of aggregates of i monomers, and εi
is total light scattering cross sections of corresponding aggregates.
In turbidimetric studies, the radius R1 of monomer particles is
usually from 2 to 10 times smaller than the incident light wavelength  in order to provide a signiﬁcant increase of light extinction
during the agglutination. In such range of the sizes the Rayleigh
theory of light scattering is not applicable. Instead, the RayleighGans-Debye (RGD) theory and the Mie theory were applied [18–20]
to calculate the light scattering cross section of the aggregates in
the system. The aggregation rate constants can be estimated from

(2)

i=1

where kij is the reaction rate constant between aggregates of i and
j particles.
Two distinct classes of aggregation regimes have been investigated. One class is diffusion limited aggregation (DLA) [26,27]
which corresponds to a reaction occurring at each encounter
between clusters. The well-known formula for the rate constant
kDLA of a pure diffusion-controlled binding of two spherical particles
is
kDLA = 4RDF,

(3)

where R = R1 + R2 is the sum of the reactants radii, and D = D1 + D2
is the sum of the reactants diffusion coefﬁcients, and F is the steric
factor. The steric factor F can be sufﬁciently less 1, if not all surface
of the particles are available for binding [28,29].
The other class is reaction limited aggregation (RLA) [30] where
the reaction rate kRLA is determined by the probability of forming
a bond upon collision of two clusters. In a general case the rate
constant k is often [31] expressed by the following approximation
k=

 1
kDLA

+

1
kRLA

−1
.

(4)
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Biospeciﬁc aggregation, such as immunoagglutination, is a particular case of aggregation. Biologic macromolecules are capable of
sterically speciﬁc (chemically anisotropic) binding with particular
ligands. [32] The reactants can bind to each other only at certain
discrete reactive spots (active sites), which are relatively small
comparing to the size of reactants. Therefore, one can expect signiﬁcant steric factor for aggregation kinetics, since speciﬁc binding
sites occupy a rather small surface fraction of a particle. It is generally believed that the activation energy for the association reaction
between ligand and receptor is rather low. Therefore, the reaction
rate of biospeciﬁc aggregation can be calculated in the diffusion limited regime taking into account a steric factor F, which reduces the
DLA rate constant. Standard DLA rate constant is usually expressed
by the following equation [33]:



kij = k11 i1/d + j1/d

  −1/d
i



+ j−1/d ,

(5)

where d is the aggregates fractal dimension. Surovtsev et al. [34]
and Wiklund et al. [35] suggested an extended dependence of kij
on i and j considered clusters as a chemically anisotropic reactants with several active sites on their surface. These extended
models interpret experimental data well for the particle with a
large number of binding sites. But in the case of submicron particles, which are commonly used as patchy colloids, the aggregation
kinetics may be signiﬁcantly affected by the small number of binding sites. In addition, the relative size of active sites is decreasing,
while their number is increasing for growing clusters in the course
of the aggregation process. These two aspects are rarely discussed
in the literature on patchy colloid aggregation and particularly on
immunoagglutination. Recently Nekrasov et al. [36] made an interesting theoretical investigation deriving an analytical formula for
kij in such a more general case, which we apply in this work.
In this work we present a new approach for the modeling of the
optical density temporal evolution in the course of the immunoagglutination registered by turbidimetry, which takes into account
the discreteness of the binding sites on the particles. The approach
is based on Monte Carlo kinetics simulations of the stochastic
chemical reactions using Gillespie stochastic algorithm modiﬁed
for aggregation kinetics. This method allows us to account for the
consumption of active sites on the bond formation during aggregation and for the initial distribution of particles over occupied
binding sites. The latter feature is crucial in immunoagglutination
process modeling at low fractions of occupied reaction sites. Calculation of aggregates optical features was provided with the use of
diffusion-limited aggregation method of cluster construction [37].
Light scattering cross sections of the aggregates were calculated
using the superposition T-matrix method [38].
2. Theory and simulations
2.1. Sterically speciﬁc immunoagglutination
Immunoagglutination assumes two types of active sites on the
surface of the particles, – 1) free receptors and 2) receptors occupied
by ligand, – and the binding is possible only between free and occupied receptors making receptor-ligand-receptor “bridge” between
the two particles. Let the ﬁrst particle of the radius R1 has on its
surface Nx,1 free receptors and Ny,1 occupied receptors, the second
particle of the radius R2 has Nx,2 and Ny,2 surface receptors correspondingly. This case for considered in detail in [36], here we brieﬂy
repeat those derivations for completeness. In particular, one can use
the following approximate expression for the DLA rate constant of
the binding (of these two particles) [36]:
k = 4 (R1 + R2 ) (D1 + D2 )

 
f1

f2 + f2

 
f1

(Nx,1 Ny,2 + Ny,1 Nx,2 ) .

(6)

where f1 and f2 are the surface fractions (steric factors) of a single
active site on the ﬁrst particle and the second particle, correspond-

ingly; D1 and D2 are the diffusion coefﬁcients of the particles. It
should be noted that Eq. (6) is correct only when the size of the
active site (of the receptor) is much less than the distance between
the active sites on the particles surface. Eq. (6) reﬂects the inﬂuence
of the active sites discreteness on the aggregation rate constant.
In our kinetic model we consider the cluster as a fractal
[15,39,40] object of spherical shape. That means the radius R(i) of
a cluster consisting of i monomers can be expressed through the
monomer radius R, as follows
R(i) = Ri1/d ,

(7)

where d is the fractal dimension of the cluster. We assume that the
average surface density of all receptors on clusters is not changing
during aggregation and the cluster surface available to binding is
equal to that of the equivalent sphere. Then the total number N(i)
of surface receptors on a cluster of size i:
N (i) = Ni2/d .

(8)

Due to steric complementarity (i.e. biospeciﬁcity) of the ligand
and the receptor, their corresponding active sites are equal in size
(e.g. the effective radius of the spot). Let a be the effective radius
of the active site. Then the steric factor f (i) of the active site of the
cluster is

 a 2
−2/d

f (i) =

i

2R

(9)

.

Diffusion coefﬁcient D(i) of the cluster can be approximated
using the Stokes-Einstein formula:
D(i) =

kB T

=

6R(i)

kB Ti−1/d
,
6R

(10)

where  is the viscosity of the media, kB is the Boltzmann constant,
T is the temperature.
If one neglects stochastic variation of the fraction p of occupied
surface receptors from particle to particle (due to a ﬁnite number
of receptors), then each particle (monomer or cluster) has certain
(i)
(i)
number of free Nx,n and occupied Ny,n receptors on their surface:
(i)

(1)

Nx,n = Nx i2/d = (1 − p)N (1) i2/d ,

(11)

(i)
Ny,n

(12)

=

(1)
Ny i2/d

= pN (1) i2/d .

Then Eq. (6) leads to the following expression for the binding
rate constant kij between two clusters can be expressed as
kij =

4kB T
3

 a 3
2R(1)

(1)

(1)

Nx Ny

 1/d
i

+ j1/d

2  −1/d
i



+ j−1/d .

(13)

Eq. (13) for the rate constant of Smoluchowski equations (2)
can be used to simulate the immunoagglutination kinetics in the
case when the number of receptors on the particles surface is large
enough to neglect both the loss of the active binding sites during
cross linking and the stochastic variation of the fraction of occupied
receptors from particle to particle.
In order to simulate the immunoagglutination kinetics in the
case of the small number of receptors per particles we build up a
“discrete” model of the aggregation, taking into account the ﬁnite
number of receptors on each particle. This implies stochastic variation of the fraction of occupied receptors from particle to particle
described by the binomial distribution:
P(Ny ; N, p) =

N!
pNy (1 − p)N−Ny ,
(Ny )!(N − Ny )!

(14)

where P(Ny ; N, p) is the probability for the particle with N total
surface receptors to have Ny occupied surface receptors if the average fraction of occupied surface receptors is p. This variation is
especially important for Np ∼ 1.

A.A. Polshchitsin et al. / Colloids and Surfaces A: Physicochem. Eng. Aspects 516 (2017) 72–79

75

Since ligand molecules diffuse much faster than macroscopic
particles, the reaction of ligand molecules with surface receptors
reached equilibrium before the aggregation of the particles sufﬁciently occur. Therefore, the following equation is applied for the
average fraction p of occupied surface receptors [34]:
p=

1
1 
2
(Kd + NC0 + CL ) −
(Kd + NC0 + CL ) − 4NC0 CL ,
2NC0
2NC0
(15)

where C0 is the initial concentration of monomer particles, Kd is the
equilibrium dissociation constant (inverse afﬁnity) of the ligandreceptor complex, CL is the initial ligand concentration.
We used the following algorithm for the population dynamics simulation. At the beginning of the process all particles are
monomers, stochastically distributed over the number of occupied
receptors according to Eq. (14). In order to apply Eq. (6) for the
(i)
simulation one has to know the numbers of free Nx,n and occupied
(i)

Ny,n receptors on the reactants (n = 1,2) surface. Due to the fractal
structure of the clusters,
(i)

Nx,n =

(i)
X
4R(i)2 n 2
4R i

= Xn i(2/d)−1 ,
(i)



(i)

(i)

Ny,n = 4R(i)2

(16)

Yn − (i − 1)
(i)
= Yn − (i − 1) i(2/d)−1 ,
4R2 i

(i)

(17)

(i)

where Yn and Xn are the total number of ligand molecules and free
receptors in the cluster (both on the surface and inside) consisting
of i monomers. The term (i − 1) in Eq. (17) is the number of bonds
between i monomers in the cluster. Taking into account that all
monomers have the same total number of surface receptors N, one
(i)
(i)
can calculate Xn through Yn :
(i)

(i)

Xn = iN − Yn − (i − 1).

(18)

Let us denote the particle number n (monomer or cluster) by the
i
vector
(i) . Then the reaction scheme can be expressed as
Yn
i
(i)
Yn

+

j

→

(j)
Ym

i+j
(i)
Yn

(j)

+ Ym

.

(19)

The rate constant of the reaction (19) is calculated substituting
Eqs. (16)–(18) into Eq. (6).
Thus, the population of particles in the colloid system is rep(i)

resented by the particles concentration C i, Yn ; t
(i)
of i and Yn at
(i)
tion C i, Yn ; t

as a function

certain time t. During the aggregation the func-



is changing according to the reaction scheme (19).

Using initial condition based on Eq. (14)



(i)



C i, Yn ; t = 0

(1)

=

C0 P(Yn ; N, p), i = 1,
0,



(i)

we calculated the population dynamics C i, Yn ; t



i > 1.
(20)
using Monte

Carlo stochastic simulation algorithm (SSA) of Gillespie [41]. Since
the aggregating system is strongly coupled, we chose the direct SSA
method [41].
2.2. Light-scattering cross section of the aggregates
We assume that all monomers are spherical particles with the
same radius, the refractive index, and the number of receptors
on the surface. During irreversible aggregation the particles stick
together forming non-spherical clusters of non-uniform internal

Fig. 1. Extinction cross sections of aggregates with different fractal dimension d.

structures, which can be considered as fractals [15]. We used DLA
algorithm [37] for the aggregate spatial construction. For certain
fractal parameters (i.e. d and R1 ), an ensemble of 100 theoretical
aggregates of random structure was theoretically generated. For
each aggregate of the ensemble we computed the orientation averaged light scattering cross section using the superposition T-matrix
method [38]. Then the result was averaged over the ensemble. The
need of such averaging over the ensemble is well established [42].
The light scattering cross sections were calculated assuming the
fractal dimension in the range from 2.2 to 2.5, according to experimental data [15]. Refractive indices of particles and media were
calculated using known expressions [43] considering our experimental conditions. Fig. 1 shows the calculated cross section of
aggregates. We found that the extinction depends insigniﬁcantly on
d for small aggregates, however, the dependence increases with the
number of monomer particles in the cluster. In this work we used
the value d = 2.40 for the calculation of the light scattering cross
section of aggregates just to work in the middle of experimentally
detected range.
3. Materials and methods
In our experiments we decided to use one of the common tests
applied in clinical laboratories—the turbidimetric determination of
the concentration of C-reactive protein (CRP) with a standard kit
(from BioSystems, COD 32321). The concentration of the CRP standard in the kit is traceable to the ERM-DA472/IFCC (Institute for
Reference Materials and Measurements, IRMM).
Two reagent solutions were prepared prior to experiments: R1reagent consisted of entirely the reagent A (Glycine buffer 0.1 mol/L,
sodium azide 0.95 g/L, pH 8.6) from the kit; and R2-reagent included
the reagent A and the reagent B (suspension of latex particles coated
with anti-human CRP antibodies, and sodium azide 0.95 g/L) in a
ratio of 4:1. The scheme of the experiment was as follows: 500 l
R1 was mixed with 20 L solution of different CRP concentrations;
then 500 ml R2 was added to the mixture of R1 with CRP and stirred
well; then the optical density of the solution was measured for
ﬁve minutes at 37◦ C by a spectrophotometer Specord 210 (Analytik Jena, UK) at a wavelength of 540 nm in the plastic disposable
cuvette. The range of CRP concentration in reaction volume was
from 4.8 × 10−12 to 4.2 × 10−10 mol/L. Antigen solutions were prepared by means of serial dilution of standard sample by the factor
1.5. The optical density of the sample and the blank of the buffer
were registered separately for the calculation of the optical density
of the microspheres.
The diameter of individual single latex microspheres was determined by the electron microscope JEM 1400 (Jeol, Japan) with
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negative staining, and the value 65 ± 2 nm of the average diameter
of the particles was obtained.

A
-2

10

1 + B1 t
OD = OD0 + A
,
1 + B1 B2 t

(21)

where OD0 is the optical density of the external media (the buffer),
which does not contain particles, A is the optical density of the particles at the very beginning (all particles are monomers), B1 and B2
are independent parameters. The ﬁrst two parameters OD0 and A
are obtained prior to the immunoagglutination procedure and have
a well-deﬁned physical meaning. The last two parameters B1 and
B2 are obtained by non-linear regression of the theoretical OD temporal proﬁle to the experimental one. Using the Pade approximant
(21) one has a bijection between the couple of parameters (B1 , B2 )
and the target couple of parameters (N, p) that allows the determination of the target protein concentration from the turbidimetric
data. The form of function (21) is chosen to make one parameter (B1 )
to be implicitly bound with the reaction rate and second parameter (B2 ) to be responsible for dissimilarity of OD curves for different
antigen concentrations.
As a result of the approximation of OD curves calculated using
the Monte-Carlo algorithm, the need to store the explicit form of the
optical density kinetics in the database was eliminated. Instead, the
database included only parameters B1 and B2 , which allows one to
uniquely recover the curve with corresponding N and p. Maximum
errors of parameters B1 and B2 determination in ﬁtting were less
than 5% with the mean errors equal to 1%. Constructed bijection
on the one hand, does not signiﬁcantly worsen the accuracy of the
data interpretation, on the other hand, simpliﬁes the analysis and
comparison of the optical density kinetics.
Fig. 2 shows the dependence of B1 and B2 on p for different N.
Some noise in the presented values seems to be associated with
the underlying Monte Carlo algorithm. However, there is a characteristic ﬂattening trend with p approaching 0.5, which is due to the
symmetry of the whole problem with respect to the transformation
p → (1 − p). We can see that the dependences of the B2 parameter change a little for different N for values greater than 25, but
for lesser values they are markedly different. Parameters B1 vary
much more and are a major reason of change in the kinetics of
the optical density. Such a behavior of B2 parameter indicates that
optical density curves are self-similar for different large enough
occupancy fractions p, other things being equal. Therefore, the use
of such optical density curve parameterization allows one to evaluate the limits of time-scaling method applicability and shows the
extreme necessity of the consideration of the limited number of
discrete active sites of single particles.
In Eq. (21) we assumed that there were only monomer particles in the colloid at the very beginning (t = 0) of the aggregation.
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N=
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The kinetics of the immunoagglutination was simulated for
certain parameters: the initial concentration of ligand (antigen)
dissolved molecules CL , the ligand-receptor (antigen-antibody) dissociation constant Kd , the initial concentration of particles C0 , the
number of “receptors” (antibody molecules) on a single monomer
particle N, the radius R and the refractive index of the monomer
spherical latex particle. As a result of this simulation, the evolution
of the aggregates distribution function Ci (t) was obtained. Concentrations Ci (t) were multiplied by corresponding cross sections εi
and Eq. (1) was applied to obtain the overall optical density (OD) of
the colloid.
In order to simplify and accelerate the treatment of the experimental data, the following analytical approximation of the OD
temporal evolution was used (in the form of Pade approximation
[44] by a rational function):

B1

4. Results and discussion

0.50

0.25

0.00
0.0

0.1

0.2
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0.4

0.5

Mean fraction of occupied antibodies, p
Fig. 2. The dependence of B1 (A) and B2 (B) on р for various N.

However, in practical applications some fraction of aggregates can
exist in the system at the very early stage (for example, due to the
acceleration of the aggregation by the mixing procedure during the
sample preparation). The effect of these initial aggregates on the OD
temporal proﬁle may be signiﬁcant even when their concentration
is relatively low. To take into account the presence of unknown
concentration of initial aggregates we suggest using the following
modiﬁcation of the Eq. (21) for the experimental data treatment:
OD = OD0 + A

1 + B 1 (t + t0 )
,
1 + B 1 B 2 (t + t0 )

(22)

where t0 is the “time shift” for the compensation of the OD temporal
proﬁle change. In order to investigate the applicability of Eq. (22)
we computed the OD temporal proﬁle change in the presence of
the initial dimers additive of different initial concentrations (from
0 to 10% of the total concentration of initial particles C = C1 + C2 )
and at certain parameters (N, p). We neglect the effect of higher
aggregates on the initial optical density, since the concentration of
larger aggregates are typically much less than the concentration
of dimers at the initial stage of the monomers aggregation [45].
The OD curve was ﬁtted by Eq. (21) at C2 = 0 yielding parameters
(B1 , B2 ) and by Eq. (22) at C2 > 0 yielding parameters (B’1 ,B’2 ). Fig. 3
shows that parameters (B1 , B2 ) and (B’1 , B’2 ) does not signiﬁcantly
differ from each other if the fraction of the initial dimers is less than
10%. Therefore, we further applied Eq. (22) for the treatment of our
experimental data.
The new method of the treatment of turbidimetric experimental data was applied for immunoagglutination kinetics measured
in 12 samples, which covered the range of CRP concentration from
4.8 × 10−12 to 4.2 × 10−10 mol/L. The registered OD temporal curves
were ﬁtted by non-linear regression with Eq. (22) (see Fig. 4) to
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Fig. 3. The relative variation of parameters B1 (A) and B2 (B) in Eq. (22) if a portion
of particles are in state of dimers with the concentration C2 (the total concentration
C ).
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Fig. 4. Experimental OD temporal curves ﬁtted by Eq. (22).

ﬁnd the parameters (B1 ,B2 ), which are determined by the target
CRP concentration. The necessity of the compensation parameter
t0 of Eq. (22) for this treatment is demonstrated in Fig. 5 for various
initial concentration of the ligand (antigen). The values lie in a narrow range in the region of free surface antibodies predominance.
But in the region of occupied surface antibodies predominance one
can see an increase of t0 value with the concentration of CRP and
a tendency to saturation. This behavior is a result of system passage through the different fractions of occupied surface antibodies,
including the most effective for agglutination value p = 0.5, with
permanently reacting particles during a mixing procedure.
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80

100

120

Time, s
Fig. 6. Experimental OD temporal curves ﬁtted with: A) constructed algorithm; B)
standard nondiscrete DLA model with the use of determined k11 and constant rate
kernel.

Next, we simultaneously treated all 12 experimental OD curves
by Eq. (22) using the DiRect [46] global optimization method varying the following parameters: Kd – the afﬁnity of the antibody to the
antigen, N – the average number of the active antibody molecules
(receptors) on the single monomer particle. The values of p are
then calculated for each antigen concentration using Eq. (15). The
results of global optimization are presented in Fig. 6A. There is good
agreement between theoretical and experimental data. As a result
of ﬁtting we obtained the target parameter values. The errors of the
parameters were estimated using the Bayesian approach according
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to the standard methods [46]. Thus, we evaluated the target parameters of reacting agents: the average number of active antibodies
on one particle N is 9.0 ± 2.2, and the afﬁnity (inverse dissociation
constant Kd ) of the antigen-antibody complex is (5.5 ± 1.5) 107 M−1 .
That corresponds well to the speciﬁcation of the reactants [15].
In order to compare the results of constructed optical density
kinetics calculation algorithm with the standard models presented
in literature we evaluated experimental values of dimerization rate
constant k11 . If we consider only dimers formation from monomers
at the initial steps of immunoagglutination process, then:
(23)

where C1 is the concentration of monomers. The change of the
total light extinction coefﬁcient ˛ext and the dimerization rate
constant k11 may be presented as follows:
˛ext = ˛ext (t) − ˛ext (0) = C1 (t)ε1 + C2 (t)ε2 − C1 (0)ε1 ,
k11

˛ext
1
=
,
C1 (0)t C1 (0)( ε2 − ε1 ) − ˛ext
2

100

150

200

Time, sec.

Fig. 7. The dimerization rate constant k11 at different CRP concentrations.

dC1
= −k11 C12 ,
dt

50

(24)
(25)

With the use of Eq. (25) and of initial part of OD kinetics curve,
we calculated k11 for all tested antigen concentrations. In this
procedure the ﬁrst 10 s of measured OD kinetics were used. The
data obtained is presented in Fig. 7. The values represent wellknown bell shaped dependence on antigen concentration. At the
initial stages of immunoagglutination, when only dimers formation
from monomers occurs, only k11 can be used according to standard La Mer model [47]. Indeed, approximation of experimental
dimerization rate constants k11 with this model yields good results
(see Fig. 7). Some discrepancies may be explained with inaccuracy in k11 values determination in the area of occupied antibodies
prevalence, where the shifting of the reaction start point under stirring is signiﬁcant. Neglecting this factor causes primarily the error
in determination of the dissociation constant Kd and, in a lesser
degree, of other parameters values.
An attempt of whole optical density curve reconstruction with
the use of determined k11 values, constant kernel and computed
with superposition T-matrix approach extinction cross sections of
different aggregates did not give positive results (see Fig. 6B). Coincidence of theoretical calculations with experimental OD curves in
most cases can be seen only in the initial region. Particularly strong
differences are clearly seen for curves with low antigen concentration (Fig. 8). In these cases constant rate kernel model is unable to
describe the bending of curve associated with consistent decrease
in reactive particles number due to low occupation degree of discrete number of antibodies. By contrast, our model takes these

Fig. 8. The comparison of the constructed algorithm with the nondiscrete model at
low antigen concentration.

effects into account and allows one to predict the behavior of agglutinating particles optical density even in the cases of small discrete
number of antibodies on one particle surface.
5. Summary
Self-assembling systems of anisotropically interacting patchy
particles has attracted intense attention of a large number of scientists and engineers in many interdisciplinary ﬁelds. Growing
diversity and complexity of such systems requires the developing of physical properties determination methods for individual
objects as well as for the whole system. This study provides understanding of diffusion-limited sterically speciﬁc aggregation kinetics
in colloids. The developed method takes into account the limited
number of discrete binding sites on single particles that is a key
point especially for nanoparticles and/or low concentrations of the
target antigen (i.e. ligand) molecules.
The method was applied for the treatment of the experimental data on the immunoagglutination kinetics registered by the
turbidimetry technique. The necessity of the consideration of the
limited number of discrete binding sites of single particles was
demonstrated with the obtained experimental data. The developed
method allows one to obtain the key parameters of the immunoagglutination system from the kinetics turbidimetric measurements,
namely the ligand-receptor (antibody-antigen) afﬁnity and the
number of active receptors per particle. The study opens new perspectives in particle-enhanced immunoassay.
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